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SUMMARY 

A detailed report is given of exact (numerical) solutions of the 
laminar-bounäary-layer equations for the Prandtl number range appropri- 
ate to liquid metals (0.003 to 0.03), Consideration is given to the 
following situatiüüs: (l) forced convection over- a flat plate for the 
conditions of uniform wall temperature and uniform wall heat flux, and 
(2) free convection over an isotheiml vertical plate, labulations of 
the new solutions are given in detail. Results are presented for the 
heat-transfer and shear-stress characteristics! temperature and velocity 
distributions are also shown. Th^ heat-transfer results are correlated 
in terms of dimensionless parameters that vary only slightly over the 
entire liquid-metal range. Previous analytical and experimental vork on 
low Prandtl nui&ber boundary layers is surveyed and compared with the new 
exact solutions. 

\ 

INTRODUCTION 

Interest in the use of liquid metals as heat-transfer madia has 
been stimulated by nuclear-reactor applications. Because of their high 
thermal conductivity^ liquid metals are characterized by Prandtl numbers 
that lie far below those of conventional media such as gases and ordinary 
liquids. As a consequence, the large body of heat-transfer information 
available for conventional fluids cannot be used directly for liquid 
metals. This circumstance has provided the motivation for heat-transfer 
research in the low Prandtl number range. 

It is the purpose of this report to present exact (numerical) solu- 
tions of the laminar-boundary-layer equations for the Prandtl number 
range appropriate to liquid metals (0.003 to 0.03). Conslc'eratlon i» 
given to both forced-convection and free-convection boundar' layers. 
Por forced convection, solutions are obtained for flow over a flat plate 
f OT- 'hot.} both the uniform-wall-temperature and uniform-heat-flux eases, 
free-convection solutions are for the isothermal vertical plate. 

Tne 

£-163 

">. 

........  .  ...;  .-. ........ 

. ' ;■.;■; 

■ • - 



Previous inyestigations of the  lotr Frandtl number heat-transfer 
characteristics of the forced-convection boundaiy layer have been carried 
out with approximte analytical techniques. The method of reference 1 
is based on the fact that the velocity boundary layer is much thinner 
than the thermal boundaiy layer when the Ftandtl number is small* Thus, 
in the outer part of the thermal boundary 3.ayer, the velocity was aaksa 
from the potential-flow solution^ and only in the inner part was an 
approximate correction made for the nonuniformity of the velocity dis- 
tribution. Another approximate solution is given in reference 2, where 
the well-known Karaan-Pohlhauson procedure is used, Tae  results of ref- 
erences 1 and 2 will be compared with those fras the exact solutions ob- 

tained herein. 

For the free-convection boundary layer on an isothenml vertical 
plate. Isolated numerical solutions for the low Prandtl number rang;e 
have been reported in reference 3 (Pr « 0.01) and reference 4 (Pr «. 
0,03). The K^r^n-Pohlhausen approximation method has been applied to 
the problem in references 5 and 6. A somewhat different approximation 
procedure is used in reference 7, where polynomials are also used but 
the coefficients of the polynomial are found by satisfying the boundary- 
layer equations at selected points. Heat-transfer results are given for 
Pr w 0.03. An experiment utilizing liquid mercury as working fluid 
(Pf • 0.025) is also reported in reference ?. Again, comparisons will 
be mde between the previous werk and the new exact solutions. 

An abbreviated presentation of scsae of the heat-transfer results 
corresponding to the new exact solutions* has been made in reference 8 
(forcee convection) and reference 9 (free convection), Other aspects 
of these solutions could not be given there because of space limitations. 
In the present report, the complete details are presented, including 
among other information the temperature and velocity distributions and 
full tabulation of the solutions. These tabulations and curves should 
prove useful to future investigators of low Prandtl number boundary 
layers,- for example, as a source of infonnation from which special char- 
acteristics of the boundary layer may be computed (e.g., thickness 
parameters), or as input data for the solution of related problems, or 
as a standard against which to compare experimentally determined temper- 
ature and velocity profiles. In addition, the present report brings to- 
gether the existing work on low Prandtl number boundary layers and 
attempts to provide an integrated picture of what is currently known. 
Finally, the forced-convection solutions for Pr ■ 0.003, not available 
at the time reference 8 was published, are also given here. The forced- 
convection and free-convection boundary layers axe treated separately. 

m 

s 

4i 

* After a preliminary printing of this KBMCRAEDUM, the authors found 
that heat-transfer results corresponding to exact solutions for the forced- 
convection, unifom-wall-temperature case had also been published in 
reference 13. 
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SYMBOLS 

specific heat at constant pressure 

friction factor, S-t/pü^ 

modified friction factor for free convection^ xInz) 

Blasius velocity function for forced convection, eq.. (6b) 

velocity function for free convection,, eq. (26b) 

Grashof number 

Grashof number, gß jt^ - tj L3/v2 

Grashof number, gß jt^ •• t^jx3^2 

acceleration due to gravity 

local heat-transfer coefficient, q,/(tw »  t^) 

average heat-transfer coefficient, Q/L(tw - t^) 

theraal conductivity 

plate length 

Nusselt nvaaber 

average Nusselt number, hL/k 

local Nusselt number, hx/k. 

Prandtl number, Cp^/k 

static pressure 

over-all heat-transfer rate ■ r q dx 
local heat-transfer rate per unit area 

Reynolds number 

\ 
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Reynolds ntamber,» UJ^/v 

Reynolds nxmher^  U^x/v 

Stanton number^ Mu/RePr 

static temperature 

wall temperature 

ambient temperature 

free-stream velocity 

velocity component in x-direction 

velocity component in y-direction 

coordinate measuring distance along plate from leading edge 

coordinate measuring distance normal to plate 

thermal diffusivity, k/pc. 'P 

. - -(^) coefficient of thermal expansion 

free-convection similarity variable, eq. (26a) 

forced-convection similarity variable, eq. (6a) 

dlaensionless temperature, (t - tso)/(tw ~ %m) 

absolute viscosity 

kinematic viscosity 

density 

shear stress at plate surface 

stream function 
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Brief Review of Theory 

First, attention is focused on tfes flow and hmt transfer about a 
flat plate alined parallel to a unifora free stream^ as pictured in the 
following sketch; 

L ty 

(a) 

The problem in governed by the basic conservation laws mass, mo- 
mentum, ssA ener^. The boundary-layer form of these equations for lami- 
nar, constant»property, nondlesipative flow over a flat plate is 

du . dv o (i) 

u du 
7X 

du m   n 
^2 o u 

oy 
(2) 

ot dt 
OX     OJ 

ö2t 
cy 

(3) 

The vlscüus äissipation term has been deleted from the. energy equation 
(3) because of its negligible effect on tne >2at transfer to low Prandtl 
number fluids (ref. 10). 

As a consequence of the ennstaut-property assiaaption^ the velocity 
problai for the forced-convection flow can be solved without recourse 
to the temperature. Turning first to the velocity, the statement of 
the problem is ccmpleted by giving the boundary conditiona 

= 0^ 
W « 0 

u ^U®} 
(4) 

V m  Of 

The conditions that u = v « 0 at the wall (y « 0) arise respectively 
from the requirements of no slip and impermeability of the wall to mass, 
The saathematical problem represented by equations (l) and (2) with the 
boundary conditions (4) was first solved "by Blasius in 1908. Equation 
(l) is ifimedlately satisfied by the usual stream function ^i 

3 

u 
^ 

V m (5) 

;■= -ftiH ■:;;---- 
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For equation (2), Blasius introduced Ms teamuB slmilÄrity variable    t|i 

.J^ 

and a dlmeasionless stream function f,  given by ■ 

This transfoiimtiün reduces equation (2) to the well-known Blasius 
equation^ 

¥m  t TO« „ o,    F(0) « P'CO) =0.    F' -► 2 as n -* « 

(5a) 

(6b) 

(?) 

where the boundary conditions have been evaluated from (4)j and the 
primes denote differentiation with respect to T\.    Although a solution of 
equation (?) TOS given by Blasius, it was necessary to re-solve to greater 
accuracy for the purposes of this investigation. 

For the isothermal wall, the energy equation (3) was first solved 
by E. Pohlhausen. Using Blasius' similarity assumption (6a) together 
with a dimensionless temperature 

0(n) - 
t - ** 

he reduced equation (3) to the form 

9" + (Pr)P0r = 0 

f-, 

(e) 

(9a) 

where Pr represents the Prandtl number. The physical boundary condi- 
tions that t « tw « const at y = 0 and t -* t^ as y -* » are 

transformed to 

0(0) = 1, 0 -* 0 as Tj -♦ (9b) 

The solution of the transformed ener©r equation (9a) depends upon the 
prior specification of the Prandtl number. Previous investigators have 
restricted th taselves to Pr >0.66 

For the situation of uniform wall heat flux, the surface tempera- 
ture will not be constant but, as will be shown later, will vary along 
the plate according to the law 

Sr - tw « Ax 1/2 (10) 
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where   A    is a constaat to he ästemined frca the m&ly&iB*    Äfcli^ 
cogaizance of tMs variation ia   t^ the energy equatloa (3) can be re- 
duced to an ordinary differential equation by using the saae transforma- 
tion variables    i), f, and    9   as before.    Ths result of the transforma- 
tion is 

0" + Er{F0« - F'e) * o (13^) 

The  physical boundary conditions that t « ty at y «= 0 and . ■* t 
as y -► » become 

ö{0) - 1, Ö -♦O as TJ ■* » (lib) 

irrevious' solutions of equation (lla) have been cmfined to the range 
Pr » 0.7. 

Soluticms and Results 

Solutions. - The governing equations (9) and (ll) for the unifonn- 
wall-temperature and uniform-heat-flux problems have been solved numeri- 
cally for Prandtl numbers of 0.03, 0^01^ 0.006, and 0.003 utilizing an 
IBM 650 electronic computer. The numerical technique, described in de- 
tail in reference 11, is a forward integration procedure that requires 
both the function and its derivative to be specified at the storting 
point of the calculation for a second-order equation. In terms of the 
present problem, it is necessary that the pair (0(0). S'CO)) be given. 
As is seen from the boundary conditions (9b) or (lib), the derivative 
Ö^O) is not known. Therefore, the computational problem reduces to a 
systematic search for the appropriate values of the derivative that 
lead to solutions of equations (9) and (ll) satisfying the condition 
6 -*• 0 an TJ -i,•«l,, In this way, the two-point boundary-value problem i.s 
rephrased -as an initial-value problem* 

The values of ©"(o) that correspond to solutions of equations (9) 
and (ll) are listed in table I: 

TABLE I. - FORCED-CONVIGTlCa 

TEMPERATÖISS SSOTATIVES 

Pr 

0.03 
.01 
.006 
.003 

[-ö'(orjlMr 

0.16878 
.10318 
.081449 
.058742 

[-e'(o)] UHF 
0.24838 
.15512 
.12345 
.089850 



■ 

2a sdditioß to ttoelr eciipit&tional l^portence^ tbe.ae imgaitiidee are 
directly related to tbe iieat-ti«nsfer eimmcteristies of the flow (as 
will be sliowa lÄter) ai^. are ■üterefore of iroaediate practical laterest«. 
la the table; the aubscripts HOT and W3F   'are used to denote unifoxs 
Mill tanperature and uniform heat fliu.      .  ■ 

The  lew Ps^andtl rnaaber eolutions of equations (9} aad (ll) are pre- 
sented In detail in tables II and III (see pp. 23 ^o 30). For each of 
the eight cases considered; the dimensionleas teaiperature 9   and its 
derivati¥e n, are tabulated1 as a function of the Independent variable 
t). Iteese tabulations should prcwe useful to future' investigators of low 
Fraadtl number boundary layers, 

Tenrgerature and velocity profiles. - Some Insight into the theimal 
and flow fields may be obtained by inspection of the temperature and 
velocity distributions across the boundary layer. These  are plotted in 
figure 1(a) for the case of unifom «all tenpsrature and in figure l(b) 
for the uniform-heat-flux case. From both of -Wiese figures^ two ia- ■ 
portant characteristics are immediately evidenti First, that the thermal 
boundary layer is significantly thicker than the velocity boundary layer^ 
and secondly, that this disparity in thickness increases with decreasing 
Prandll number. This suggests that the velocity boundary layer will play 
an ever-diminishing role in the heat-transfer process as the Prandtl 
number becomes smaller. Thus, for fluids with very small Prandtl numbers, 
the heat transfer will be essentially the same as that convected by an 
inviscld fluid. The solution for the heat transfer to an invlscid flow 
(ref. l) thus appears as a limiting case. 

Comparison of figures l(a) end (b) indicates that, for a fixed 
Prandtl number, the thermal boundary layer corresponding to uniform wall 
temperature is somewhat thicker th&n that for uniform heat flux.3 It 
would thus be expected that, at a given Prandtl number, the uniform-wall- 
temperature situation will be closer to Izs  invlscid limit than the 
uniform-heat~flux case will be to its limit. 

■4?he tables represent a condensation of the actual macMiss computa- 
tions, which were run at a step siae Lr)    of 0.025 and eight figures. 

^Thls is in contrast to gases or ordinary liquids, where the thermal- 
boundary- 3 ayer thickness Is either the same order as or less than the 
velocity-boundary-layer thickness. 

3It may be interesting to note that, for the wall-temperature ^rari- 
ation t„ - t « Äxn. of which equation (10) is a special case, the 

thermal boundary layer is thicker as n decreases. 
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.1+«        «M local rate of heat trmmter trtm the 
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Cli) 

surface to the flulä nmy 

. fot) 

4,^iaa  H# tin. analysis as giveB by equatioas (6a) In terms of the variJihles of the ami/sJ-^ 
«ad (8), the expression for «| beccmes 

tWf.M 

m I (%« %mi e,'(0) (12a) 

4   ^ tw- i4*^ „»«-/Ka*. ^öünd ^»"cia solutions of 
where S'Co) is a functxüu ft  ^T^JSSTt  * flearlv. for t to be 
equations (9) and {11}  jna ^^J-^^^n^    t« - t  oust vary as 
independent of x, the temperature difference W  wp 

x^/2, as prescribed by equation (10). 

of a 

*« vkm*** täm local heat-transfer results in terae 
It is custoi^^ to Phrase tne -^ ^^ defined as follows; 
heat-transfer coeificxent and a »uea« 

h i i—-*••*?•"• i   "^ ■- IT 

Utilizing these definitions, equation (12B) becomes 

(13) 

(14) 

where ^ represents the Lynoläs nmber. Fr« equati« d*). " is 

seen that the Lluas of ^(0) appearing in table 1 iü directly appli- 

cable to the Musselt-Keynoiai reia^iun * 

as 4 
For low Prandtl ntmbers^ it is ff^tful to lepnrase ^ 

« 

(RexPr)
1/2  2Pr 

(14a) 

.1/2 
 -x—--~-^:-- i   „CTO-+s.rf KV tiie fact that Nu/CEe^Pr)^  Ü a itt* ^Ms st^p is suggested by tne is^       /^ x 
staut for the inviscid flow. 
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where tlie product   Re^Fr   Is soflietlaea r#f-srred to as tbs Peclet nmbmr. 
The dlffienoionless heat-transfer results lut the form given by eciuatloo 
(14a) are listed in table IV: 

TABJM IV,  - FORCED-COMVECTIOl 

HEAT-TRMSMR 'REaiLK 

Pr ! Hu^/CEe^)1/2 

ÜWT UHF 

0.03 
.01 
.006 
.003 

Pr -♦ 0    } 
Invlscidl 

0.4872 
.5159 
,5257 
.5362 

0.7170 
.7756 
. 7969 
,8202 

0.564 0,886 

H 
s 

' ■   I 

There are also included in the table entries corresponding to the limit- 

ing case of inviscid flow over a flat plate, for which No^/CRexPr)V2 

is a constant (ref, l). 

From table !¥ it is inmediately seen that the variation of the 

group llux/(BexPr)
1/2 is rather small over the entire liquid-metal 

rangej being of the order of 10 percent. A more careful inspection of 
the table reveals that the variation is somewhat greater among the 
uniform-beat-flux results then it is SuBong the uniform-wall-temperature 
results« 'Hais occurrence may be understood by recalling that the themal 
boundary layer is thinner for the uniform-heat~flux■ problem and hence is 
more aware of the presence of the velocity boundary layer. The heat- 
transfer results based on the boundary-layer solutions smoothly approach 
that of the inviscid flow, the uniform-wall-temperature situation always 
being a little closer to its limiting value than the uniform-heat-flux 
case is to its limit. The heat-transfer results appearing in table IV 
are also plotted in figure Z* 

The utility of the Reynolds-Praadtl product, as a correlation param- 
eter for low Prandtl number, laminar-boundary-layer heat transfer is 
noteworthy^ especially since it has also served successfully in corre- 
lating turbulent-heat-transfer result's for liquid-metal flow in tubes. 
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m 1 

*    *».      - * «# tmitsrm WBLLI t«s©ef«tar«, it 1« <»ft«s «»*.ful to Jü.. 
.. '  't-- '^J_..* ♦••«««far   6   ftpoSI tto «tl«« ««rfae«.    For « smlt wlats 

of plate, «   1» fouM fn» 

rL 
(15) 

™.    .* *..        „n- hP- carried out utilizing the local heat transfer   g. 
The f te^^^^^^X    ae nnal resit my be cast in a d^eaaion. 
as given by ^Tj^irerZe heat-transfer cLfficlent and Nusselt less form by define-"» a" ^rcuo«-» «*« 
number, 

Q 
LCt^ t ) 

from which it follows that 

NUL»T 
(16) 

KuL 

Ee^ 
« -0'(O) (17a) 

or 

KuT „rilM 
(iZp^pTs   pr. i/l 

(17b) 

The numerical values of the d^ensionleasheat-t^nsfer group given by, 
equation (17b) are simply twice those listed in taDle IV. 

fWBT^on with T^r^vioiis investigettons. - Äs has been noted in the 

convection biundary layer have been given in references 1 and ^ ^ 
heat-transfer results corresponding to -chesfv solutions may be expressed 

as follows! 

(a)  Morgan's velocity approximation (ref. 1)-. 

0.564 - 0.547 Pr l/
2 

UWT 

[ 
Rux 

Tj2 (Re^Pr)      JUHF 

0.886 - 0.491 Pr1/2 

(18a) 

(I8h) 
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u 

ffe| Kirsäa'WfMimmm mtMoü (mi* t|i 

te^j^j 

[{i©^^ 

uw 

JUHP 

0»529 

0,816 

(i + 
1,064 Pr iTsJ' 

(19a) 

(19b) 

To facilitate comparison with the exact "boundary-layer solutions^ these 
equations have been plotted in figure 2, 

Turning first to the uniform-wall-temperature situation as shown in 
figure 2(a)^ It is seen that Morgan's results tend to approach the exact 
solution more and more closely as the Prandtl number decreases. This be- 
havior is to be expected from the structure of Morgan's solution. The 
greatest deviation^ at Pr = 0.03, is only 4 percent. The Karman- 
Poh.lhausen results fall about 5 percent below the exact solution over 
the entire range. 

Now, passing to the unifom-heat-flux case (fig. 2(b)), it may be 
noted that, while Morgan's results still tend to approach the exact solu- 
tion with decreasing Prandtl number, the deviations are larger and of 
different sign than those of figure 2(a), Because of the thinner thermal 
boundary associated with the unlform-heat-flux problem, this somewhat 
less successful performance of Morgan's method is not surprising. The 
results from the Kannlm-Pohlhausen method continue to fall about 5 percent 
be-low those of the exact solution. 

Modified Reynolds analogy. - It is of interest to determine the form 
of Reynolds analogy appropriate to low Prandtl number, forced-convection 
boundary-layer flows. It is to be recalled that Reynolds analogy com- 
pares the friction and heat-transfer characteristics of the flow, 

m 
i 

As a prelude, it nay be recalled that the friction, factor 
flow over a flat plate is given by 

T     0.664 

(pU^/2)  Re w 

Cf   for 

(20) 

Next, the Stanton number is introduced by its definition 

Nux 
St 

RexPr 
(21) 
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As i»0 been pointed oat in coiweoti^ with table IV, the bucketed 
flcT^ Ä m Wmm^ over tbe ^^f"^^^ef ^^^3 
achieve a concise result here, an average value will be used.    With this 
approxiaatlan^ equation (22) becaaes 

UWT     Pr 

0.770 
IT? 

(?3a) 

(|) 
-   1»15 (25b) 

It is important to observe that these relations deviate ^ ^ form ^ 
Reynolds analogy used for ordinaiy fluids, the difierence bei^ in the 
appearance of   fTlß   rather than in the more custor^ry   Pr /  . 

FiffiE-COMECTION BOUNDARY-LAYER SOIOTICMS 

Brief Review of Theory 

Now. attention is turned to the free-convection flow and heat 
transferWt an isothe«al vertical p^t*. T^ ^ysical ait^tlons 
that come within the scope of the theory are shown in the following 

sketches: 

Gmvlty 

i 

\ 

., 

(b) ^  >tm 
(c) % < t 

•"*=;■■ X; 

- 
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Mmgym (h) Ätplet« Wm en«« is vMsh tie -ws.Xl tÄ^eÄtw« memti» 
aaMest.    For this slttatioo, the bmjmscy forces »re ttpwarCf resulting 

i wa 11 In aa upflow of fluid la tih« hom^xy My er.    In  diagram (cj 
Is cooler tbao ambient &ad tAe bouodary-layer flow is downward. If the 
eoordiimtes are taken as sbom in the sketchy there will be no need to 
.«aite any particular distinction, between these two situations. 

The free-convection flow and heat transfer ar© governed by the 
basic conservation principles. The boundary-layer form of these laws as 
given by equations (l) to (3) still applies, except that a buoyancy 
force 

igß(t - t ) (24) 

is added to the right side of the momentum equation (2), The plus sign 
is associated diih  sketch (h),  while  the minus sign is used with sketch 
(c). The appearance of a temperature term in the velocity equation 
means that it is no longer possible to solve for the velocity independ- 
ently of the teroperature| instead, simultaneous solution is necessary. 
In this regard, the free-convection problem becomes more complex than 
the forced-convection problem. 

In addition to the governing equations, it is necessary to give 
the boundary conditions In order to complete the statement of the prob- 
lem. They are 

u = 0 

v = 0 Jy = 0 

u -»> 0 

t -»• t J 
(2b) 

t » t. 

where t„ is a constant w 

The free-convection boundary layer on an isothermal vertical plate 
was first solved by Schmidt and Beckmann. The conservation of mass 
equation (l) was satisfied by the usual stream function rjr as given by 
equation (5). Then, turning to momentum and energy conservation, new 
independent and dependent variables were introduced as follows: 

' x I 4v2 / 

■5\U± 
(26a} 

f(U  = J   | 

(64gß|tw -  t^jx3)1^4' 
e( 

■**    t. - t 
(26b) 

■■-■:.■■   ..v-,,:;;:- ■ .-.    :L .    ■■..- .. 
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wimre   5    is called a slallftilt^ mriafele^ vbile    i   is a &lmmalmlBm 
t«^yatere »ad   f   is reXftt«i to tl» velocities of the pit>Mai*    Ac 
absolute asagaitude slgos liÄve 'bees introduced to make the results appli- 
cable  to both    tv > t^   and    tw < t^.    Under the transformtion defined by 
equations (26a) and (26b)^  coase,rvati<aa of mmentim and energy is reduced 
to the following pair of ordinary differential equations: 

f"  + 3ff!' -  2(fO2 + 0 = 0 

6" + 3(Pr)f0,  * 0 

while the boundary conditions  (35) become 

f » 0' 01 
13 "* 

(27a) 

(a'.'b) 

(27c) 

f> ^ OK ^ 0 0 

0 « 1, 

The primes denote differentiation with respect to i,  and Pr repre- 
sents the Prandtl number. Since f and 0 appear in both equations, 
simultaneous solution Is required. 

Prei'ious investigators have concentrated mainly on the range 
Pr > 0a7j the existing solutions for low Prandtl number have already- 
been mentioned in the INTRODUCTION. 

Solutions and Results 

Solutions. - Numerical solutions of equations (27a) and (27b) have 
been carried out for Prandtl numbers of 0,03, 0,02, 0,008, and 0,003 on 
an IBM 650 digital computer. The numerical scheme previously described 
for the forced-convection problem must now be modified to include simul- 
taneous equations. Instead of looking for a single quantity 0f(O) as 
before, a pair of quantities (O'CO), f'Co)) must now be found that leads 
to solutions of equations (27a) and (27b) satisfying the conditions 
e -* 0 and f' -* 0 as ^ -* ». 

The values of 9%{0)  and f!"(0) for which solutions were obtained 

are listed in table V: 

■ - —.——..».. ■»■ 
■  ■■ ■■■' 
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TABm v. - nm-conmrnm Tmpmk'rum 

AM» mmcm: craivAfivs 

0.03 
.02 
.008 
.003 

-©«(O) ff'(0) 

0> 12464 
.11164 
.072464 
.045139 

0.93841 
.95896 
.99550 

1.022? 

These quantities are not only of importauce in the execution of any for- 
ward integration procedure^ but they are also related to the heat- 
trarisfer and shear-stress characteristics of the flow. Hence, they are 
of direct practical utility. 

A detailei listing of the solutions of equations (278) and (27b) is 
given im  table VI (see pp. 31 to 37) . For each of the four Prandtl 
numbers considered^ the dependent variables 6?  6',* f, f, and f" are 
tabulated as functions of the independent variable ^, These listings 
should provide useful inforniation Jn future studies of low Prandtl number 
boundary layers» 

Temperature and velocity profiles. - The distribution of tempera- 
ture and velocity across the boundary layer is plotted in figures 3(a) 
to (i)| each graph corresponding to a specific Prandtl number. The ve- 
locity profiles have their characteristic free-convection shape^ rising 
rapidly to a maximum near the wall and then subsiding relatively slowly 
to zero with increasing values of t,. All velocity profiles contain an 
inflection point Just beyond the maximum. The temperature profiles have 
their usual simple shape, always concave upward. 

Two features of this set of graphs are worth noting. The first is 
that> with decreasing Prandtl number,, the region of high velocity gradi- 
ents occupies a relatively smaller and smaller portion of the thermal 
boundary layeri This suggests Haiti as the Prandtl number approaches 
zero, the effects of viscosity oh the heat transfer irill steadily dimin- 
ish and become negligible. In the limit, the heat transfer would be ex- 
pected to approach that of an inviscid fluid. The second has to do with 
the apparent increase of the boundary-layer thickness with decreasing 
Prandtl number. That this trend may not be real is easily realized by 
observing that fluid properties appear in the abscissa variable |. With 
changing Prandtl number, these fluid properties will change, tending to 
affect the actual physical dimensions of the boundary layer. 

Heat-1ransfer results« - For free convection, the heat transfer is 
the quantity of prime practical interest. The local heat-transfer 

■ ;,s 
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rate q.    is a^la computed from Fourier*t  IäW (eq. (12)). Introducing 
the  dlmensionlesa variables of  equations (26a) and (26b)^ tbe expres- 

sion for    q.   becases 

q - - H%t ' «J 
4xv2 

,l/4 

©'(O) (28) 

A rephrasing of equation (28) in terns of dimensioniess variables leads 

to 

(29) 

where Nux is the Kusselt number as previously defined and Grx is the 

Grashof number.  Since the values of -©'(O) depend upon the Prandtl 
number^ so vail the Nusseit-Grashof relation. 

The Prandtl number dependence of the dimensionless heat-transfer 
results may be considerably reduced by rewriting equation (29) as 

Nu^    = -0'(Q) (30) 

Such a step is suggested by the fact that Nux/(GrxPr
2)1/4 i3 a constant 

for the inviscid free-convection fiOV. Numexlcal values of this heat- 
transfer narameter for low Prandtl number boundary-layer flows are given 
in table VII, along with the limiting Inviscid result (.ref. 1^ 

TABLE VII. - FREE-CONVECTION 

HEAT-rrRAI>3SFER RESULTS 

Pr 

0.03 
.02 
.006 
,003 

NUJJ, 

"(GrT^)^ x    x 

0.5497 
.5582 
.5729 
»5827 

PJ* -*• «S  It 
Inviscid!   0.6004 

- 
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Inspection of tüls table shows timt tlje group »^/(Gr^Fr2) V4 

possesses the desired characteristic of being almost independent of the 
Prandtl number^ the variation over the entire liquid-metal range being 
about 6 percent. It is also seen that the boundary-layer heat-transfer 
results smoothly approach the inviscid-flow result as the Prandtl number 
decreases. The information appearing in table VII is also plotted in 
figure 4. 

For engineering purposes^ a simple and very adequate representa- 
tion of these results is 

Nux = O.öSSCGrxPr
2)1/4 (31) 

The maximum deviation of this expression from the entries of table VII 
is 3 percent. 

Aside from the local values, the over-all heat transfer Q from 
the entire surface may be of interest. An expression for the over-all 
heat transfer may be found by integrating equation (28) in accordance 
with (15). The result of Integration may be put into the following 
diraensionless forms: 

BUT 
4-J 

(Grj-T/ 

or 

- (A)^# (32a) 

1^*    , (i)-^ (52b) 
(GrLPr

2)1/4  W(2Pr) 

The right side of eciuation (32b) may be immediately evaluated by multi- 
plying the entries of table VII by 4/3. 

Rriction-factor resultK. - The friction force exerted on the wall 
by the free-convection "flow may be computed by the Newtonian shear law, 

(33) 
y=o 

In terms of the variables of the analysis, equation (33) may be evalu- 
ated as 

t . 4,vxW!!i!i_^Y
/4 f"(o) {35a) 

\   4v2 



.-' 

In coBstructlag s dimmioaiess form of equation (33ft),  tim usual frlc- 
tloo factor cannot be used because there Is BO characteristic velocity 
in a free-coavection flow.    AQ al-termtire friction factor  that is sorne- 
tlu»s used in free connection is a.s follows. 

els 
f Ki)! 

(34) 

where (v/x) plays the role of a velocity. With this^ equation ^33a) can 
be rephrased as 

U^1^ 
f"(0) (35) 

The nuaerical values of f"(0), given in table V, vary only by 8 percent 
over the entire Prandtl number range of liquid metals. For engineering 
purposes a satisfactory representation of the shear-stress results would 

be 

0.98(4Gr3)1/4 (35a) 

Comparison with previous investigations. - Studies of the low 
Prandtl number free-convection boundary layer that were performed before 
the present investigatr.on are described in the IMTRODUCTION. The heat- 
transfer results as reported by previous analytical workers are summarized 

in table VIII: 

■■■ 

TABLE VIII. - SUMMARY OF PREVIOUS ANALYTICAL 

HEAT-TRANSFER RESULTS FOR FREE CONVECTION 

Pr Nu/(Gr Pr2)1/4 

0.03 
.03 
.01 

All 

0.544 
.555 
.574 

0.508/(Pr + 0.952)l/4 

Reference 
investi- 
gation 

7 
4 
3 

5 and 6 

To facilitate comparison with the present results, the contents of this 
table are plotted in figure 4. The experimental data of reference 7 
also appear in the figure. 



la ccBaaon id.tö the  current study/ references 3 and 4 carried out 
numerical solutions of the  boundary-layer equations, ,4s seen from figure 
4, their teat-transfer results fall slightly high relative to those of 
tMa investigation^ the deviation being no more than 1 percent. Since 
the older work was. performed on desk calculators and slower computers., 
auch deviations are not at all unreasonable. 

The approximation procedure of reference 7 also gives very good 
agreement with the present solution^ falling only about 1 percent below 
at the point of comparison^, Pr = 0.03, The result reported as correspond- 
ing to reference 7 is the average of three levels of approximation^ the 
maxixium spread among the three approximations being 16 percent. 

The results based on the Kstrm^n-Pohlhausen method lie from 7 to 12 
percent below the exact solution. This agreement must be regarded as 
remarfably good when one considers the relatively broad assumptions used 
in carrying through the KarmÄn-Pohihausen procedure for this problem. 

The experimental data of reference 7 for mercury fall within the 
crosshatched band as shown in figure 4, the deviations from theory being 
confined to ±6 percent. This very good agreement may be interpreted as 
a strong support of the analytical predictions. 

CONCLUDING REMARKS 

A-lthough laminar-boundary-layer theory can supply information on 
heat-transfer and skin-friction characteristics, it cannot predict the 
region of applicability of these results. For sufficiently high Reynolds 
or Grashof numbers, the flow will become turbulent. On the other hand, 
for sufficiently low Reynolds or Grashof numbers, the boundary layer is 
relatively thick, and certain assumptions of the theory are no longer 
valid.  It remaius for experiment to define the limits of applicability 
of the theory. 

For Jew Prandtl number forced-convection flows, transition to turbu- 
lence should occur in the same Reynolds number range (SxlO4 to 106) as 
for high Pranclt-l number fluids. On the ether hand, in the absence of 
experiments involving liquid metals, it cannot be stated which Reynolds 
numbers are sufficiently low to invalidate the boundary-layer assump- 
tions as a consequence of a too thick thermal boundary layer. All that 
can be stated is that the (thermal) boundary-layer assumptions will not 
remain valid to as low Reynolds numbers for low Prandtl xiumber flows as 
they do for high Prandtl number fluids. 

For free-convection flows, it is rather uncertain that information 
on laminar-»turbulent transition for high Prandtl number fluids can be 
applied to low Prandtl number fluids. Therefore, at present, the extent 

 ■ : ■■. ■. 



layer aaBumptlons become f ^,1" f™.™^™.^*.,. heat-trausfer pre- 

dictlonB are correct whea   Grx > o«iu  •    . o-"       i h„t1t 

coajectured that this liMt viii be at a higher Grashof au.her..  but It 

is not known how much higher. 

i>«ls Research Center ..,..„ 
IfaMonal Aeromutics and Space Wnlatration 

Cleveland,  Ohio, December 9,  1950 
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TABLE II.  - FORCSD-COMYECTIOI SCVJTIOl.r FCH I'-.-lF .HM-WMi-m^ERAT'^f: CASE 

{Governing differential equation: 

e" + (PrJFÖ'  = 0,   e(0)  » i, a -*(}    as    r,  ■* « 

where    f   is the Blasius function.] 

(a) Pr «= 0.03 

1 9' e 1 e« e 
0#00 -0S1688 1.0000 4e60 -0,1098 0»3073 
,10 -s1688 .9831 4.80 -•1048 »2859 
• 20 -•1688 #9662 5.00 -.0999 • 2654 
.30 -e1688 «9494 5.20 -„0949 • 2459 
*40 ~ffi1687 • 9325 5*40 -•0900 .2274 
• 50 -.1686 • 9156 5.60 -•0851 .2099 

960 -„1685 «8988 5.80 -.0803 • 1934 

870 -81634 .8819 6.00 -•0756 .1778 
»80 -«1682 .8651 6,20 -.0710 • 1631 

990 -.1680 .8483 6*40 -•0665 • 1494 

ls00 -,1677 .8315 6.60 -•0622 .1365 

1.10 -^1673 • 8147 6.80 -.0580 • 1245 

le20 -•1669 «7980 7.00 -.0539 .1133 

1930 -e16&4 .7814 7.20 -•0500 .1029 

U40 -«1658 .7648 7*40 -•0463 3C933 

1*50 -.1652 5748 2 7. 50 • 0428 • 0844 
1.60 -.,1644 • 731? 7.80 "•0394 .0762 
1.70 -«1636 • 7113 8«00 "•0362 »0686 
le30 -•1627 «&990 8.20 -.0332 «0617 
1.90 -»1617 • 6828 8940 -.0303 • 0554 
2^00 -.1607 .6667 8,60 -.0277 • 0496 
2*10 -.1595 .6507 8^80 -.0252 • 0443 
2.2 0 -.1583 • 6348 9.00 -.0229 .0395 
2*30 -.1570 • 6190 9«20 -#0207 «0351 
2*40 -.1556 .6034 5^40 -•0187 .0312 
2.50 -.1541 .5879 9.60 "•0169 .0276 
2.60 -«1525 • 5726 9.80 "#0152 • 0244 
2,70 -.1509 s5574 10,00 -•0136 .0215 
2.30 -.1492 .5424 10,50 -.0103 .0156 
2.90 -.1474 «5276 11,00 -.0076 ,nui 
3^00 -.1456 «5129 11.50 -•0056 .0078 
3.10 -.1437 • 4984 12.00 -•0040 • 0054 
3.20 -»1417 • 4842 12^50 -.0029 .0037 
3,30 -*1397 • 4701 13,00 -•0C20 • 002 5 

3.40 -.1376 .4562 13,50 -.0014 • 001.7 < 
3.50 -.1355 .4426 14.00 -.0009 • 0011 
3.60 -61333 • 4291 14.50 - .0006 • 0007 

3.70 -.1311 • 4159 15*00 -.0004 • 0005 
3.80 -.1289 • 4029 15,50 -•0003 »0003 
3^90 -.1266 .3901 16,00 -,0002 • 0002 
4.00 -,1243 93776 16.50 ■- ,0001 ,0001 

4.20 -,1195 .3532 17,00 -«0001 i   ,0001 

4.40 
i  

-•1147 • 329B 17.50 
u  

• 0000 
   

.0000 

•      v  - " "!i -■ 
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tAsm ii. - OootlBued. 

(b) Pr • 0.01 

1 
-i— 

9' $ L.   ^ d1 T" 
i 

O«0© -0,1032 1,0000 6,20 -0. 0773 0«4102 

«10 -.1032 S9S97 6«40 -, 0756 ^3949 

«20 -.1032 „9794 6,60 -.07*0 ®37ff 

«30 -.1032 «9S90 6*80 -.0723 ,3«S3 

s40 -.1032 #9587 7,00 -.0705 «3510 

»50 -„1031 «9484 7«20 -.0688 ,3371 

.60 -,. 1031 «if381 7#40 -.0670 • 3235 

• 70 -,1031 «9278 7.60 -•0653 ,3103 
«80 -,1031 «9175 7,80 -•0635 «2974 
«90 ~.1030 #9072 8,00 -•0618 • 2849 

läOO -. 1030 ,8969 8,20 -'0600 «2727 
UIO -.1029 • 8M€ 8,40 -•0582 .2609 

l»tö -.1028 »8763 8.60 -•0565 s2494 

1,30 -.1027 .8660 8880 -•0547 «2383 

1.40 -.1026 88558 9900 -■0530 «2275 
1#50 .. 1024 ,8455 9S20 --S513 • 2171 
1*60 -.1023 ,»8353 9*40 -•04f§ «2070 
U70 -.1021 #8251 9B60 -'0479 «1972 
U80 -. 1019 e§149 9,30 -•0462 • 1878 
U90 -. 1017 eB047 10,00 -•0446 ,1797 
2800 -. 1015 ,7945 10^50 -•0406 • 1575 
2«10 ~. 1013 a 7844 11*00 -•0368 #1381 
2.20 -. 1010 ,7743 11*50 -•0331 «1206 
2*30 -. 1007 *7&42 12*00 "•0297 «1049 
2,40 -. 1004 «7541 12,50 -•0265 »Q909 
2«50 -. 1001 87441 13,00 -•0236 • 0794 
2«60 -. 0998 a 7341 13S50 -.0208 #0673 
2*70 -. 0994 «7241 14*00 -.0183 • 0575 
2.80 -. 0990 «7142 14,50 -.0160 ,0490 
2.90 -. 0986 «7043 15.00 -.0139 «0415 
3.00 -. 0982 «6945 15#50 -.0121 • 0350 
3#10 -. 097S «6M7 16800 -.0104 «0294 
3.20 -. 0973 • 6749 16«50 -.0089 • 0246 
3.30 -. 0969 • 6652 17,00 -.0076 • 0205 
3®40 -. 0964 «6556 17,50 -.0065 #0170 
3850 -• 0959 »6460 18.00 -.0054 • 0140 

3,60 -. 0954 «6364 18,50 -.0046 «0115 

3,70 -. 0949 «6269 19,, OO -.0038 «0094 

3®80 -• 0943 «6174 19,50 -•©032 • 0076 
3,90 -• 0937 • 6080 20^00 -.0026 «0062 
4.00 -, Q9%2 .5987 21.00 -.0018 »0040 

4@20 "• 0920 .5802 22eOO -.0012 «0025 
4,40 "• G907 ft5-il9 23^00 -.0008 «0016 
4,60 -• 0894 «5439 24s00 -.0005 • 0010 
4*80 ■• 0880 ,5261 25,00 -.0003 «0006 
5,00 -- 0866 «5087 26s0O -.000? • 0003 
5,20 ■ • 0S52 «4915 27sOO -.0001 «0002 
5,40 -. 0837 j  6 4746 28«O0 -.0001 «0001 
5,60 
5,80 
6,00 

-. 0821 
». 0806 
• . 0789 

94580 
,4418 
©4258 

J  

29SG0 
30«00 

11  
,0000 
a 0000 

u..,„ 

«0001 
«0000 



TALE II.  * Contlaae«. 

(c) Pr » 0.006 

0»ö0 
,10 
#10 

,40 
#50 
e60 
•?9 
«80 
,90 

1-00 
1.10 
1,20 
1,30 
1**0 
1®50 
1^60 
UfQ 
leSO 
U90 
2^00 
2,10 
2^20 
2»S,0 
29*Q 
2«50 
2^60 
2e70 
2»S0 
l.#0 
3,00 
3*10 
3*20 
3*30 

3*50 
3.60 
3.70 
3a80 
3«90 
4,00 
4,20 
4*40 
4a60 
äS80 
5,00 
5®20 
?JS40 
'5*60 

e*oo 
S.20 
6,40 
6,60 
6,80 

0 

>0»0Si4 
-. Ü814 
-.0814 
-.0814 
-. on* 
-.081* 
-.0814 
-•0814 
-• 081* 
-, 0814 
-.0813 
-.0813 
-.0813 
-.0812 
-.0812 
-.0811 
-.0810 
-.0809 
-.0809 
~.0S08 
-.0806 
-.0805 
-.0804 
-.0803 
-.0801 

• 0800 
■. 079B 
-.0796 
-.0795 
-.0793 
-.0791 
-.0789 
-.078? 
-.0784 
-.0782 
-.0779 
-.0777 
-.0774 
-.0772 
-. 0769 
-.0766 
-.0760 
-.0754 
-.0747 
-.0741 
-.0733 
-.0726 
-.0718 
-.0710 
-.0702 
-.0694 
-.Ö6M 
-.0676 
-.0667 
-.0658 

ucooo 
,'«19 
„983? 
49756 
,9674 
,9593 
,9511 
,9430 
,9349 
-9267 
,9106 
,9104 
,9023 
,8942 
,8861 
,8780 
,8699 
9r6i6 
e3537 
,8456 
4,8375 
,8295 
,8214 
S8134 
• 8054 
e7973 
,7894 
,7814 
,7734 
.7658 
«7576 
,7497 
^7418 
,7339 
«7261 
,7183 
.7105 
,7028 
,6950 
«6873 
,679t 
s6644 
«,6493 
• 6342 
.,6194 
.6046 
.5900 
*5756 
,5613 
#5472 
,5332 
.SW 
,5058 
,4924 
,4791 

7,00 
?#?ö 
7,40 
7«60 
7,80 
8,00 
6*20 
8*40 
8,60 
3»80 
9,0& 
9.20 
9^40 
9«60 
t*io 
10»00 
10«5Ct 
11,00 
n«5o 
12,00 
12*50 
13 c,. 00 
13*.50 
14e00 
14,50 
15,00 
15,50 
16,00 
1 fee 50 
IT«. 00 
i7<.S0 
18,00 
18,50 
19,00 
19.50 
2o „no 
21«00 
22.00 
23*00 
24»0O 
25,00 
26 «GO 
27® 00 
28*00 
29,00 
30,00 
31,00 
32,00 
33,00 
34,00 
35,00 
36,00 
37,00 
38,00 

i: 
-0.0648 
-.0639 
-.0629 
-.0619 
-.0609 
-.0599 
-.,0588 
-.0575 
-•0567 
-•0557 
-•0546 
-.0535 
-.0525 
-.051A 
-.0503 
-•0492 
-.0465 
-.0439 
-•0412 
-•0386 
-•0365 
-■0336 
-•0312 
-.0288 
-.0266 
-.0245 
-.0225 
-.0205 
-.0187 
-.0170 
-.0154 
-.0139 
-.0126 
-.0113 
-.0101 
-,0090 
-. 0071 
-. O056 
-.0043 
-.0033 
-. 0025 
-•oo is 
-.0013 
-.0010 
-.0007 
-.0005 
-.0003 
-.0002 
-•0002 
-•0001 
-.0001 
,0000 
* eooo 
,0000 

Ot*661 
«4532 
aÄ40S 
»4281 
«4158 
e&037 
*391S 
,3802 
»3687 
«3575 
,3465 
«3356 
«3250 
(.3147 
1.3045 
.2945 
»2706 
,2480 
#2267 
^2068 
,1881 
,1707 
,1545 
,1395 
«1257 
,1129 
• 1012 
,0904 
,0806 
,0717 
90635 
,0562 
.0496 
,0436 
«0383 
,0335 
«0254 
»0191 
,0142 
,0105 
,0076 
,0055 
,0039 
«0027 
,0019 
»0013 
,0009 
.0006 
,0004 
«0003 
«0002 
,0001 
«0001 
#0000 

J   .--»■-K' 



. 

fAM ir. - CO(<cl'i4*d. 

m v* a 0.003 

„j™-™ «aw -■—■■■ -- ■ - 

n 8' 6 n 
8,60 

9* 

-0,0490 
I   9 

0.00 -0.09«7 1.0000 0*5111 

«10 -.0587 .9941 6.SO -.0486 ,5113 

»20 -.0587 .9883 9,00 -.0481 .5«!? 

.30 -.0587 .9824 9»20 -.0476 ,4921 

,40 ..0587 .9765 9„40 -. 0471 .4626 

.50 ...0587 .9706 9,l'.0 -,0467 #4732 

.60 ..0587 ,9648 9.SO -.0462 ,4639 

.70 -.0587 ,,9589 10,00 -.0457 .4548 

.80 -.0587 .9530 J0*50 -.04*4 , ,432? 

.90 -.0587 .9471 11.00 -.0431 .41.04 

1*^0 .,0587 .9413 n.so -.0418 .3891 

1.10 . 55S7 .9354 12.00 -•0404 .3686 

1.20 -.0587 ,9295 12,50 -•0391 .3487 

i«3v ..0987 .9237 13.00 -•0377 »3295 

1.40 ..0586 .9178 13.50 -.0363 »3110 

1.50 ..0586 «9119 14.00 -.0350 .2932 

1.60 -.0586 »9061 14,50 -.0336 .2760 

1.70 .,0585 .9002 15,00 -.0322 .2596 

lc80 -.0585 ,8944 15,90 -.0309 ,2438 

1.90 -.0585 .8885 16.00 -.0295 ,2287 

£.00 -.0585 ,8827 16.50 -.0282 ,2143 

2.10 -.0584 .8763 17,00 -.0269 .2006 

2.20 -.0584 ,,8710 17,50 -.0256 »1875 

2.30 -.0583 .8651 18,00 -.0243 »1750 

2.40 -.0583 «8593 18,50 -.0231 «1631 

2.50 -.0582 «8535 19,00 -.0219 «1519 : 

2»60 . 0581 .8477 19.50 -.0207 .i413 

2.70 ..0581 ,8419 20,00 -.0196 • ISIg 
2»S0 . 0580 .8361 21.00 -.0174 «1128 

2.90 . 0580 .8303 '3'5Ä g%(% -.0154 ,0964 

3*00 ..0579 »8245 23,00 -.0135 ,0820 

3.10 , 0578 .8187 24.00 -.0118 ,0694 

3.20 „.0577 .8129 25,00 -.0102 .0584 

3.30 -'0376 .8071 26.00 -.0088 .0489 

3.40 . 0576 .8014 27,00 -.0076 .0407 

3.50 .!0575 ,7956 28.00 -.0064 .0337 

3.60 . 0574 .7899 29,00 -.0055 .0278 

3.70 -.0973 .7842 30,00 -.0046 .0228 

3.80 ..0572 .7784 31.00 -.0038 »0186 

3.90 _ 0571 »7727 32.00 -.0032 .0151 

^.00 '.0570 ,7670 31,00 -.0026 »®ltl 
4.20 -.0567 .7556 34,00 -.002? .0097 

4.40 -.0565 ,7443 35,00 -.0018 .0078 

4.60 -.0563 .7330 36,00 -.0014 ,0062 

ha90 -.0560 .7218 37.00 --.0012 .0049 

5.00 -.J557 ,7106 38,00 -.0009 .0038 

9.20 -.0555 «6995 39,00 -.0007 .0030 

5»40 ..0552 .6885 40,00 -.0006 .0023 

5»60 -.0549 .6775 41,00 -.0005 .001« 

5.80 -.0545 .6665 42.00 -.0004 .0014 

6.00 -.0542 .6556 43.00 -.0003 »0010 

6.20 -.0539 .6448 44,00 -.0002 .000»} 

6.40 -.0535 .6341 45.00 -.0002 ,0006 

SffeO -.053-2 ,6234 46.00 -.0001 «0004 

6»80 -.0528 .6126 47«C0 -.0001 .0003 

7.00 -.0524 .6023 48,00 -.0001 .0002 

7.20 -.0520 ,5919 i  49,00 -.0001 «0002 

7.40 -.0516 ,5815 50,00 ,oono i  .0001 

7.60 -.051? ,5712 51«00 .0000 I  .0001 

1.80 -.0508 «5610 52.00 ,0000 «0001 

8.00 -.0504 «5509 53.00 «oooo i  .0001 

8.20 -.0499 .5409 64,00 ,0000 i  »0000 

8.40 -.0495 
  

«5309 
... 1 



Tmm in. - mmm*mmastm mmmm FüR mtmtm-mm»mm CASE 

[Governing differential eqmtlmi 

ß" + FriWe'  - F'Q),  9{0)  m lt § •* 0    as    ^  •* • 

f : where F is the  BXasius fusctionj 

S 
W 

■ - 

(a) Pr m  0.03 

1 9« e n 0' 9 

! CuOO -0. 2484 1.0000 4.40 -0.0941 0.2122 
i .10 -.2482 #9752 4.60 -.0877 «1940 

.20 --2476 s9504 4.80 -.0815 • 1771 
• 30 -.2466 .9257 5.00 -.075? .1614 
*40 -.2453 «9011 5.20 -.0701 .1468 
.50 -. 2436 #8766 5#40 -.0649 «1333 
.60 -.2416 s8524 5.60 -.0599 .1209 
.70 -.2392 «8283 5,80 -.0551 »1094 
,80 -. 2366 #8045 6.00 -.0507 .0988 

.90 -. 2337 «7810 6.20 -•0465 ..0891 

1.00 -. 2305 .7578 6.40 -•0426 «.0802 
1.10 -. 2271 .7349 6»60 -•0389 .0720 
1.20 -. 2234 .7124 6.80 -•0355 «0646 
U30 -,2196 «6902 7,00 -•0323 .0578 
U40 -.2156 «6685 7^20 -•0294 »0516 
1.50 -• 2115 «6471 7.40 -•0266 #0460 
U60 -• 2073 «6262 7.60 -•0241 .0410 
1*70 -•2030 .6057 7eS0 -.0217 «0364 

1.80 -•1986 .5856 8^00 -.0196 .0323 
ls90 -• 1942 .5659 8.20 -•0176 .0286 
2.00 -.1898 .5467 8.40 -•0158 .0232 
2.10 -. 1853 .5280 8.60 -•0141 .0222 
2.20 -. 1809 .5097 8.80 -•0126 «0196 

• 2«3D -.1764 .4918 9*00 -*0113 .0172 
2.40 -.1720 .4744 9.20 -•9100 .om 
2.50 -.1676 • 4574 9^40 -•0089 • 0132 
2.60 -. 1633 .4409 9660 ••0079 .01115 
2,70 -. 1589 .4248 9.80 '••0070 .01.00 
2..80 -.1547 .4091 10.00 -•0061 «0067 

2.90 -.1504 .3938 10^50 -«0044 • 0061 

3.00 -.1463 • 3790 11.00 "•0032 *0042 
a 3.10 -.1421 «3646 11.50 -•0022 s0029 

1 3.20 -.1361 ,3506 12.00 -.0015 .0019 

3.30 -.1341 .3370 12,50 -.0011 • 0013 

3.40 -.13'01 .3237 13.00 -.0007 .0008 
3850 --1262 .3109 13.50 -•0005 «0005 
3.60 -'1224 «2985 14.00 -•0003 .0003 
3.70 -•1186 .2865 14.50 -.0002 «0002 
3,80 -•1149 .2748 15.00 -.0001 9.0001 

r 3.90 -•1113 »2635 15.50 -.0001 .0001 
4.00 -•1077 .2525 16»00 -.0001 • 0000 

« 
4.20 -•1007 .2317 1.6.50 .0000 .0000 



TABL-3 III.  - Continued. 

(b) Pr » 0.01 

■ 

n 9' 9 n r e 

0«00 -0»1551 Is 0000 6«9Ö -0.0720 0*2975 

olS -, 1551 *$M$ 4,20 , 3 A,^ ^ I  «2833 

B?0 -• 1549 »9690 6e40 -.0668 |  «2697 
if fi;« V 

»30 -, 15*5 1,9535 6^60 -.0643 «2566 
Pi**;«" 

•4d -. 1541 «9381 6«80 -.0618 «2440 

a50 -. 2935 «9227 7«©© -.0594 »2319 | 

«60 -. 1528 @9074 7«20 -.0370 «2203 
9 «tf.vr 

s70 -. 1520 88922 7«40 -,0547 • 2091 
^f  9.-W 

-.1511 «3770 7e60 -.0525 »1984 

„90 -. 1501 • 8619 7«80 -.0503 «1881 

uoo -, 1489 #8470 8«00 -.0482 «1782 

iao -. 1477 #8322 8«20 "•0461 «1688 
1*20 -« 1465 «6174 8«40 -•0441 .1598 

1«30 -.1451 • 8029 8«60 -♦0422 «1512 

le40 -•1437 ^7884 8«80 --Ö403 «1429 

XeSO -.1422 «7741 9S00 -.0385  ; «1350 

U60 -.1406 «7600 9«20 -=.0367 • 1275 

1«70 -.1391 • 7460 9«40 -.0350 «1203 

1«§0 -. 1375 @7322 9#60 -.0334 «1135 

1*90 -.1358 «7185 9«80 -.0318 «1070 

2900 -» 1342 #7050 10« 00 -.0302 «1008 

2«10 -. 1325 «6917 10«50 -.0266 .0866 

2«20 -.1309 «6785 UeOO -.0234 «0741 

2«30 -. 1292 *6655 11«50 -.0204 .0632 

2 «40 -.1275 ,6527 12«0Ö -.0177 «0537 

i»s# -. 1258 • 6400 12«50 -.0154 »0454 

2«60 -. 12^1 86275 13«0O -.0133 • 0383 

2«t0 -. 1225 «6152 13^50 -.0114 «0321 

2«80 -.1208 »6030 14«00 -. 0097 «0268 

2890 -. 1191 «5910 14«50 -.0083 s0223 

3#00 -. 1175 .5792 15*09 -.0070 «0185 

3« 10 -. 1158 «5673 l5«iiS -.0059 «0153 

3s20 -, 1141 a 5560 16«0Ü -.0050 »0126 

3*30 -. 1125 «5447 16«50 -.0042 «0103 

Sf4t -. 1109 «5335 17 «00 -.OC35 «0084 

SsSO ». 1092 «5225 17*50 -.0029 #0068 

3*60 -.1076 «5117 ie«oo -.0024 »0055 

3«70 -. 1060 «5010 18950 -.0019 «0044 

3ieo -. 1044 «4905 19 «00 -.0016 «0036 

3«f0 ~. 1028 ?4'301 I9e50 -.0013 «002« 

4«00 -. 1012 «4699 20eOO -. 0010 - «0023 

4S2Ü -. 0981 «4500 2leOO -.0007 i  «0014 

4e%0 ' -. 0950 «4307 22*00 -.0004 «0009 

%a60 -. 0920 • 4120 23«00 -.0003 «0005 

49S0 -. 0890 «3939 24*00 -. 0002 »0003 

5*00 -. 0860 «3764 25«00 -. 0001 «0002 

5#20 -• 0831 «3595 26«O0 -. 0001 «0001 

5«40 
3S60 

-- 0803 
-• 0775 

«3431 
«3273 

27«O0 
28«00 «oooo 

#0001 
«oooo 

5480 -. 0747 • 3121 
_, „ , .—--——~ - 



TAÄS HI. - CßnUriöed. 

(c) Fr - 0.006 

CUO0 -0,1239 
0S10 -, 1234 
0.20 -. 1233 
0,30 -. 1231 
0s40 -• If28 
0.50 -. 1225 
Oa60 -.1221 
Ö670 -. 1216 
O680 -. 1210 
Qs9Q -. 1204 
i9m -. 1197 
U10 -.1190 
U20 _, im 
1.30 -.1173 
le4Ö -.1165 
1.50 -.1156 
1@60 -.1146 
1.70 -.1156 
l.SO -.1127 
1.90 -.1116 
2.00 -.1106 
2.10 -.1096 
282Q -.1086 
2.30 -.1075 
2.40 -.1065 
2.50 -.1054 
2,60 -.1044 
2.70 -.1033 
2.B0 -.1023 
2.90 -.1012 
3.00 -.1002 
3.1Ö -.0991 
3.20 -.0ftS 
3.30 -•0970 
3,40 -.0960 
3.50 -.0950 
3e60 -.0fS9 
3.70 -.0929 
3.80 -.0919 
3«fO -.0909 
4,00 -.0899 
4.20 -.0879 
4.40 -.0158 
4.60 -.08f9 
4,80 -.0819 
5.06 -.0799 
5.20 -.0780 
5,40 -.0761 
5,60 -.0742 
5,80 -.0724 
6.00 -.0705 
6«20 -.06iT 
6,40 -.0669 
6,60 -.0651 
6,80 -.0634 

i 7,00 -.0616 

- 



fMWM III. . Cona l'JiA-eä. 

fa) Pr » o.eos 

% B' i , ß' ß 

0.00 -0.0898 1.0000 8*20 -0. S5U 0.41C9 
ao -.0898 .9910 1     8,40 "     --0501 s400e 
.20 -. 0898 .9820 8*611 -•0492 «3908 
.30 -.089? «9731 8.80 -•0483 «SOU 
.40 -. 0895 .9641 9,00 -•0474 .3715 
,50 ~. 0894 «9552 9,20 -■0465 .3621 
.60 -.0891 .9462 9,40 |      -. C.45© .3529 

.70 -. 0M9 .9373 9,60 ••. 0447 .3439 

.80 -.0886 «9285 9«80 -.0438 «3350 
«90 -,0883 .9196 10,00 -.0*29 .3264 

1.00 -.0880 .9108 10.50 -.0408 ,3054 

1.10 -.0876 • 9020 11,00 -•0388 ,2855 

1*20 -, 0872 «8933 11.50 "•02 68 «2667 

1.30 -. 086£ .8846 12,00 -•0348 ,2488 

1.40 -. 0863 ,8759 12.50 -•0329 .2318 

1.50 -. 0858 .8673 13,00 -•0311 #2158 

1.60 -. 0854 .9588 13,50 -•0294 «2007 
1.70 -. 0849 «8502 14.00 - 0277 .1864 

1.80 -• 0843 .8418 14.50 -•0261 .1730 
1.90 -. 0838 «8334 IS.00 -•0246 «1604 

2.00 -• 0833 .8250 15,50 -•0230 «1485 
2,10 -.0828 .8167 16«00 -■0216 ,1373 

2.20 -. 0822 .8089 16,50 -•0202 .1269 

2.30 -. 0817 «8003 17,00 -•0189 .1171 
2.40 -,0@11 .7921 1?«50 -•0177 .1079 

2.50 -. 0806 .7840 ISeOO -■0165 «0994 

2*60 -. 0800 «7760 18,50 -•0154 .0914 

2.70 -. 0795 «7680 19.00 -•0143 «0839 

2.80 -. 0790 «7601 199S0 -•0133 «0770 

2.90 -. 0784 .7522 20,00 -•0124 «0706 

3.00 -. 0779 .7444 2U90 -.0106 .0591 

3.10 -.0773 ,7367 22*00 -.0091 «0492 

3.20 -.0768 .7290 23*00 -. 0077 «Ö40B 

3.30 -.0762 ♦ 7213 24,00 -. 006* ,0337 

3-40 -.0757 .7137 25,00 -. 0055 .0277 

3.50 -.0751 .7062 26.00 -. 0046 .0226 

3.60 -.07'f6 »6987 z"i«oo -.0038 ,0184 

3.70 -.0741 .6913 2e«oo -.0032 .0149 

3.80 -.0735 .^839 29.00 -.0026 .0120 

3 »90 -.0730 «6756 3Ot>O0 -•0022 ,0096 

♦ sOCi -.0724 .6693 31«<30 -•0018 «0077 

*.20 -.0714 «6549 32.00 -.0014 ,0061 
i*,.40 -.0703 «6407 33,00 -•CÜU «0048 

4.60 -.0692 ,6268 34,00 -•0009 ,0038 

4,80 -.0682 .6131 35,00 -.0007 «0029 

5*®0 -.06?! »5995 36,00 -.0006 ,0023 

5.20 -.0661 ,5862 37.00 -.0ÖÖ5 «OSl® 

5.40 -.■0650 «5731 38,00 -•0004 «0014 

5,60 -.0640 «5602 39,00 -•0003 «0010 

SeSO -,0629 ,5479 40.00 -•0002 »0008 

6.00 -;$*«§ »5350 41.00 -•0OÜ2 .0006 

6.20 -.060,. «5227 42.00 -•ooci ,0005 

6.40 -.0599 «5107 43,00 -•0001 .0003 

6*60 -.0589 ,4988 44.00 ■•0001 ,0003 

6.80 -.0579 .4871 45.00 -•0001 .0002 

7.00 ■  -.0569 .4766 fe&.QO .0000 »0001 
7.20 -.0559 • 4644 47,00 «0000 «0001 

7.40 -.0549 «4533 48.00 «0000 «O'OOl 
7,60 -.0539 .4424 49,00 ,0000 ,0001 

7.80 -.0530 «4317 49.50 «0000 «0000 
8.00 -.0620 «4?12 

■ 



f 
g 

fAS* ¥1. - fSEE-COiWFKaf miMvm 

[Governlag diffsrentlsJ. «qustlc»: 

f" ♦ 3ff" - a(f")2 ■*• ö - 0,  f(0)  - f'Co)  « 0^ f' - 0 

S" + 5{ft-)fe'  - 0,  &(0) = 1,  0 - 0   as    Tj -^ -.] 

(a) Fr = 0.03 

i t" f f 9' $ 

0«2ö 
■" —*■-——■■——""•— 

0.fS84 0«0@ÖO Q$mm «0.W6 i*<m9 
• 10 «8392 «0se9 «0645 -.1346 ,m63 
• 29 s?*23 • 1Ä79 .0174 "•1346 •mi 
• 30 864®4 .2374 «0378 -•13*6 .9596 

• 40 .5505 .2977 .0646 -•134-5 sf44l 

.50 

.60 
.4732 .3493 .0970 -•1344 .9327 
.3934 .3926 .1342 -•1S43 .9193 

.70 .3195 .4282 «1753 -•1341 .9058 

• 80 «2521 .4S67 «2196 -.1339 •fit« 
.90 • 1913 .4788 .2664 -.1336 .8791 

1.00 • 1374 .4952 «3152 -.1332 .8637 

le10 • 0902 .50&5 «3653 -.1326 .§§24 

l«20 «0496 «5134 «4163 -.1324 .8392 

1^30 .0153 • 5166 «4678 -.1318 «826Ö 

1.40 -.0133 .5167 «5195 -.1313 «SU8 

U50 -.0365 «5141 «5711 -.1306 .7997 
i#60 -.0551 «5095 «6223 -.1?99 .7867 

la70 -.0696 .5032 «6729 -.1292 «7737 
laS0 -.0S07 .4957 »7229 -.1283 .7609 

1'.90 -.0887 «4872 «7721 -.1275  ; «74811 
2.00 -.0944 .4730 «S203 -.1266 • 73»4 

2»10 -.0981 s4684 «i&76 -.1256 * 722-8 

2.20 ..1002 .45a5 «914@ -.1246 .7102 

2*30 .,1012 .4484 #9593 -.1236 «.§978 

2.40 ...1012 .43S3 userr -.1225 «6S55 

2,SO -.1006 .4282 1.0476 -.1214 «6733 

2»60 ,.0994 , .4182 1.0893 -.120? .6613 

2a70 -.0979 .4083 1.1306 -.1190 • 6493 

2#80 ..0962 .3986 ■ 1.1710 -.1178 .6375 

2.90 -.0943 83S91 1.2104 -.1165 «6257 

3#00 -.0923 j .3797 l#3!%tS -.1152 «6i#2 

3.10 -.0903 .3706 U2863 -.1139 «6927 

3*20 -.0882 .3617 1.3229 -.1126 .5914 

3,30 -.0862 .3530 1«3S86 -.1112 .5802 

3,40 -.0842 .3444 1.3935 ~.1099 .5691 

3,1,50 -.0822 .3361 1.4275 -.1085 .5582 
:  3«60 -.0802 «3280 1*4607 .?071 .5*74 

'  3.70 -.0783 «3201 1*4931 -.i0*»7 .5368 

3«eo -.0765 «3123 1.5248 -.1043 .5263 

3.90 -.074f «3048 U5556 -.102« • 5159 

4,00 -.0728 «2974 1.5S57 -.1014 .5057 

4#20 -.0694 • 2832 1«6438 *s 0985 «4«§7 

^»40 ...0661 «2696 1.6990 -.0955 1 .4663 

4960 -.0630 «2567 1.TS17 -.0926 1 #4475 

*#i6 ..0600 .2444 UMIS i ..08«?? .►4293 
5.00 -.0572 .2327 1.8495 -.0068 «4116 

5.20 _.05%5 «2216 1«8949 -.08539 .3946' 

5.40 ..0519 «2109 1.9381 -.0811 .3781 

5.60 _ 0494 .2008 1,9793 -.0783 .3621 

5.80 _ 0471 «1911 2*0185 ..©755 .3467 

6.00 ..0446 

1 
.1820 2.0558 .,.0728 .3319 1   .   ., 

-'—'"^- - 



32 

fAÄg VI.  - ContlaMsü. 

im) emcloAeA.    Pr » 0.03 

t f f« f 9> 9 

6»20 -0. 0427 0,1732 2«a913 1 *O«O701 @«3I?6 

M6 -.0407 «1649 2«1?51 -.§675 ,3039 

63&O -,mm *m9 »«1ST3 -.0650 4?f06 

6*30 -, 03&9 «,1494 2,1»T9 -.0625 •2779 ' 

ItW -.0332 ♦ 1421 2«2170 -.0600 ,2tS6 

7«20 -.03S5 • 13S3 2«2#48 -.0577 «Zfff 
7,40 -.0319 «l«@® 2#2tl2 -.©5-54 • 2426 

7«6a -.0304 «1225 2»t9«3 -,§93» «2317 

7.80 -.02S9 »UM 2®f202 -.6510 »2213 

a«dO -.02TS «1110 2.3430 -.©489 • 2Sf3 

8#20 -.0262 ,1056 2,3646 -.0469 «2§17 

a#40 -.0249 ,1005 2öM52 -.044f «1926 

S#60 -.0237 ,C9S§ 2«404« -.0430 • i S:3S 

@«so -.0226 «0910 2.4235 -•©412 • 1753 

9#Ö0 .0215 ,0866 2*4412 -•0394 • 1673 

9,20 -.020S «0024 2 «45« -•0377 ,1596 

f«40 -.0195 «0784 2«4f42 -•0361 ,1522 

9«60 -.0186 ,0746 2«4t95 -.0545 .1451 

^«80 -.0177 «0709 265040 -.©ISO «lfS4 

10,00 -.Olß-8 .0675 2«5179 -,©315 • 1319 

10,50 -.0149 ,0596 2«5496 -.0281 • 11T0 

11 «.00 -.,0131 «0526 2#5776 -.©251 • 163« 

llilO -.0116 ,0464 2«6023 -.0223 «0919 

12*00 -.0102 «0410 2.6242 -.0198 • 0814 

12«90 -.0090 «0362 3*6434 -.0176 • 0721 

|3«00 -.0080 «0319 2*6604 -.0156 «06S8 

13.S0 -.0070 • 0282 2»6T54 -.0139 • 0564 

14800 -.0062 «Ö249 2«6S87 -.0123 ,0499 

l4eS0 -.0055 #0219 2s7004 -.0109 • 0441 

15«00 .,0048 «0194 2.7107 -.0096 ,0389 

|5«50 -.0043 #0171 2»?lf8 -.§085 • ®344^ 

li«@ö _.eßi8 «0151 2«t278 -.#©75 • 0304 

I6a50 ..0023 «0133 2öT349 -.©067 «0268 

17<,00 -.0029 «0117 2.7411 -.0059 «025? 

ItsSO -.0026 «0103 2.» 7466 -.©052 «0209 

1Ö«00 -.0023 «0091  I 2.7515 -.0046 •ttiS 
1®®90 -.0020 »00S1 2,7558 -.©041 • 0163 
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Figure 2.  - Forced-convection heat-transfer characteristics 
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Free-convection heat-transfer characteristics. 
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